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MORITA EQUIVALENCE FOR QUANTUM HEISENBERG 

MANIFOLDS 

BEATRIZ ABADIE 


Abstract. We discuss Morita equivalence within the family : 

c € Z, c > 0, /i, £ R} of quantum Heisenberg manifolds. Morita 

equivalence classes are described in terms of the parameters /x, u and 
the rank of the free abelian group = 2fiL + 2v'L + Z associated to 
the C*-algebra 


Introduction. Quantum Heisenberg manifolds : c € Z, c > 0, /U, i/ € 
M} were constructed by Rieffel in |R t4j as a quantization deformation of cer¬ 
tain homogeneous spaces H/Nc, H being the Heisenberg group. 

It was shown in |Abll 3.4] that Kq{D^i^) = Z^ 0 Zc, which implies that 
and are not isomorphic unless c = c'. Besides, and 

are isomorphic when (2/t, 2z/) and (2/i',2z/') belong to the same orbit under 
the usual action of GL 2 (Z) on ( |AE1 Theorem 2.2]; see also |Ab21 3.3]). 
The range of traces on was discussed in |Ab2j , where it was shown that 
the range of the homomorphism induced on Kq{D^j^) by any tracial state 
on has range = Z 0 2/rZ 0 2i/Z. As a consequence f |Ab21 3.17]), 
the isomorphism condition stated above turns out to be necessary when the 
rank of is either 1 or 3. Rieffel showed in |R,f4j that is simple if and 
only if is linearly independent over the field of rational numbers 

(i.e rank Gfj_iy = 3); it might be interesting to know whether in this case 
the classification can be made by means of the results of Elliott and Gong 

(my 

The quantum Heisenberg manifold was described in |AEEj as a 
crossed product by a Hilbert C*-bimodule. In order to discuss Morita equiv¬ 
alence within this family, we adapt to this setting some of the techniques 
employed in the analogous discussion for non-commutative tori l |R,f3j i and 
Heisenberg C*-algebras (Eil]). Thus we generalize in Section 1 Green’s 
result (discussed by Rieffel in |R,f2l Situation 10]) on the Morita equivalence 
of the crossed products Co{M/K) x H and Co{M/H) x K, for free and 
proper commuting actions on a locally compact space M. This result pro¬ 
vides the main tool to discuss, in Section 2, Morita equivalence for quantum 
Heisenberg manifolds. 
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1. Morita equivalence of crossed products by certain Hilbert 

C-BIMODULES OVER COMMUTATIVE C'*-ALGEBRAS. 

For a Hilbert C'*-bimodule X over a C^-algebra A, the crossed product 
A x X was introduced in (see also m) as the universal C'*-algebra 

for which there exist a ^-homomorphism ■ A —> Ax X and a continuous 
linear map ix ■ X —> A x X such that 

ixiax) = iA{a)ix{x), iA{{x,y)L) = ix{x)ix{y)*- 
ix(xa) = ix{x)iA{a), iA{{x,y)R) = ix{x)*ix{y)- 

The crossed product AxX carries a dual action 5 of defined by 6z{iA{a)) = 
iA{<i), Sziixix)) = zix{x), ioT a € A, X ^ X and z £ S^. Moreover, if a C*- 
algebra B carries an action 6 of such that B is generated as a C^-algebra 
by the fixed point subalgebra Bq = {b £ B : 6z{b) = b\/z £ S^} and the first 
spectral subspace Bi = {b £ B : 6z{b) = zb\/z £ S^}, then B is isomorphic 
to Bq X Bi (where Bi has the obvious Hilbert C^-bimodule structure over 
Bq), via an isomorphism that takes the action 6 into the dual action. 

If X is an A-Hilbert C^-bimodule and a £ Aut(A), we denote by X^ the 
Hilbert C*-bimodule over A obtained by leaving unchanged the left struc¬ 
ture, and by setting 

X -Xc, a := xa{a), {x, y)^°‘ := a~^{{x, y)^), 

where the undecorated notation refers to the original right structure of X. 

For a £ Aut(H) and the usual A-Hilbert C*-bimodule structure on A, 
the crossed product A x Aa is easily checked to be the usual crossed product 
A xIq, Z. 

Definition 1.1. Given a proper action a of Z on a locally compact Hausdorff 
space M and a unitary u £ Ch{M), let denote the set of functions 

/ G Cb{M) satisfying / = ua{f), and such that the map x \f{x)\, which 
is constant on a-orbits, belongs to Co{M/a). Then is a Hilbert C*- 
bimodule over Co{M/a) for pointwise multiplication on the left and the 
right, and inner products given by {f,g)L = fg, {f,g)R = fg- 

Proposition 1.2. Let a and f3 be free and proper commuting actions of 'L 
on a locally compact Hausdorff space M, and let u be a unitary in Cb{M). 
Then the C*-algebras Co{M/a) x X^’^ and Co{M/j3) x X^^ are Morita 
equivalent. 

Proof. Let H : Z x Z —> U{Cb{M)) be given by 

{ 1 if either n = 0 or /c = 0. 

for n, /c > 0 

nieSj, j£Sn for either n or k < 0, and nk 0, 

where 5; = {0,1,... / — 1} if / > 0 and Si = {—1, —2,... Z} if / < 0. Straight¬ 
forward computations show that U{m + n,k) = U{m, k)(3^{U{n, k)), and 
U{n, k + 1) = U (n, k)a^{U (n, 1)). 
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Consider the proper actions 7 “ and 7 ^ of Z on C'o(M) xi^Z and C'o(M) Xq, 
Z, respectively, given by: 

bk{4>)]{n) = U{n,k)a^[(t){n)] and b^{'4^)]{k) = U*{n,k)l3^[i^{k)], 

for (/) G Cc(Z,Co(M)) C Co(M) x^Z and V’ G Ce(Z,Co(M)) C C'o(M) x„Z. 

These two actions correspond, respectively, to 7 “’^ ^I3,u* HEH 

Propositions 1.2 and 2.1]. By virtue of |Abl[ Theorem 2.12], the generalized 
hxed-point algebras, in the sense of jRfhl Definition 1.4], D" and of 
Co{M) x^ Z and Cq{M) Xq, Z under the actions 7 " and 7 ^, respectively, 
are Morita equivalent. The result will then be proved once we show that 
^ Co{M/a) X and ^ Co{M/(5) x 

Recall from |Ab1 1 Proposition 2.1] that D°‘ is defined to be the closed 
span in Ai{Co{M) X/jZ) of the set {Pa{4>* * tp) : & Cc{'l‘ x M)}, where 

Po,{4>){x,n) = Yyik{4>)]{x,n), 
fcez 

for (j) G C'c(Z X M) C Co(M) x^ Z, x G M, and n G Z. 

The C*-algebra can also be described (M Proposition 2.8]) as the 
closure in A4{Co{M) x^j Z) of the *-subalgebra (7“ = {F G Cc{'^,Cb{M)) : 
7 "(F) = F and 7rQ,(supp F{n)) is precompact for all n G Z}, where tTq, 
denotes the canonical projection tTq, : M —> M/a. 

Now, since C" is contained in Cb{M) x^Z, which is closed in M.{Cq{M) x 
Z), so is Moreover, the C^-algebra D" is invariant under the dual action 
/3 of T on Cb{M) x^Z: 

[l°'0zF)]{n,x) = U{n,l){x){(3^{F)){n,a-^x) 

= U{n.il){x)z^F{n.ia~^x) 

= z^F{n, x) 

= 0;,F){n,x), 

for F G C“, X G M , n G Z, and z G T. Besides, supp 0z{F){n)) = 
supp F(n) for all n G Z, so Pz{F) G C°‘ for all z G T. 

We next show that the action f3 on 11“ is semi-saturated. That is, that, as 
a C*-algebra, D" is generated by the fixed-point subalgebra Dq and the first 
spectral subspace Di = {d G 11“ : $z{d) = zd Vz G T} for the restriction of 
the dual action /3. 

Since the maps Pi : Zl“ —> Di given by Pi{a) = Jj.z~^(3z{a) dz are 
surjective contractions, Di is the closure of Pi{C°‘). Now, for i = 0,1, 
Ci = C“nFj, and Di = D“nFj, where Fq and Fi are, respectively, the fixed- 
point subalgebra and the first spectral subspace of Cb{M) x^ Z, which are 
known to be the dj-maps; that is, Fi = {F G C'c(Z, Cb{M)) : supp F = {i}}. 
Notice that 


(7“ n Fq = {/<^o : / G Cb{M) : 7ra(supp /) is precompact and / = a(/)} 
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can be identified with Cc.{Mla) via /(5o /j where / o tTq, = /, and that 
this map extends to a ^-isomorphism between Dq and Co{M/a). 

Now, Di is a Hilbert C*-bimodule over Dq for 

(la) (/5o) * {g6i) = {fg)5i and {g6i) * (/Jq) = {gPif))6i, 

(lb) {fSi,g6,)L = if6,) * {g6,r = {/m, 

(l c) {fSi,gSi)R = {f6i)* * (gSi) = {P~^{fg))6o. 

Notice that Di is full on the left (and on the right, by a similar argument) as 
a Hilbert C*-bimodule over Co{M/a). For < Di,Di >l, the closed linear 
span in Co{M/a) = Dq of the set {( f6i,g6i)L : f6i,g6i G F>i}, is a closed 
ideal of Co{M/a). Therefore, unless < Di,Di >l= Co{M/a), there exists 
xq € M such that /(xq) = 0 for all f6i G Di. 

Now, given xq G M, we can choose f jRf21 Situation 10]) a neighborhood 
U of Xq such that U n a^{U) = 0 for /c / 0. Let g G Cc{M)'^ be such that 
supp g CU and g{xo) = 1. 

Then 

[Pa{{g^^‘^SoT * (5^/^<5i))](x,n) = 

= iPaigSi))ix,n) = k){x)g{a~’' {x)))6i{n), 

k 

SO Pa{{g^^'^So)* * (g^^^5i)) G Di, and equals 1 at {xq, 1). 

In order to prove that C" C C*{Dq, Di), it suffices to show that f6k G 
C*{Dq, Di) for f6k G C“, k G Z ] since (7“ is closed under involution, we 
may assume that A; > 0. We show this fact, which clearly holds for A; = 0 
and A: = 1, by induction on k. 

If fSk G C°‘ and e > 0, since 7rQ,(supp /) is precompact in M/a, and 
Di is full over CQ{M/a), we can find G Di,i = such that 

II * fh - fSi\\D°‘ = II Y.MiAi)Lf - /||Ci,(M) < e- 

Now, since c/i and i/* * / belong to C*{Dq, Di) for i = 1,... ,p, so does /. 
This shows that Zl" = C*{Dq, Di) and, consequently, by |AEE[ Theorem 
3.1], that D°‘ = Dq >4 Di. 

It only remains to notice now that Dq x Di = Co(M/a) x As 

noticed above, Dq is isomorphic to CQ^M/a). On the other hand, the map 
/ takes C" 0 Fi to By keeping track of the formulae in^ one 

easily checks that that map is an isometry, so it extends to an isometry from 
Di to which is onto because its image contains the dense set: 

Ag’“ = {/ G the map x i—> |/(x)j is compactly supported on M/a}. 

(Notice that Ag’“ is dense in because, if {ex} is an approximate 

identity for Cc{M/a), then exf converges to / for all / G A'^’“). 

This shows that Zl" is isomorphic to CQ{M/a) x Analogously, ZZ^ 

is isomorphic to Cq{M/(5) x Xa^ . 

□ 
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2. MORITA EQUIVALENCE FOR QUANTUM HEISENBERG MANIFOLDS 

In |AEE) (see also |AEl 2]) the quantum Heisenberg manifold was 
shown to be the crossed product of C'(T^), the C^-algebra of continuous 
functions on the torus, by the Hilbert C*-bimodule where a^y{x, y) = 

{x + y + 2u), and 

M^ = {fG Ch(M X T) : fix + l,y) = e-‘^^^^yfix, y)} 

is the Hilbert C^-bimodule obtained by letting C(T^) act by pointwise prod¬ 
uct, and by defining the inner products {f,g)L = fg, {f,g)R = fg- 


Remark 2.1. The C^-algebras and are isomorphic when the pro¬ 

jections of (2/r, 2u) and (2y',2u') on the torus are in the same orbit under 
the usual action of GL 2 (Z) i |AEl Theorem 2.2], see also |Ab21 Remark 3.3]). 

Proposition 2.2. Let g- ¥" 0. Then and Dj_ are Morita equivalent. 

Proof. We follow the lines of |Rf31 1.1] and apply Proposition 11.21 to the 
following setting: a and (3 consist of translation on M x T by (^,0) and 
(l,2u), respectively, and u G (^^(M x T) is given by uix,y) = e(—cy), where 
T is viewed as M/Z and, for a real number h, e(h) = 

Then, by Proposition ll.2[ (^((M x T)/q;) x and (^((M x T)//3) x Xa^ 
are Morita equivalent, where 


xa,u ^ ^ ^ - ^,y) = e(cy)F(x,y)} and 

2g 

xh,u* = {F £ Cb(M X T) : F(x - l,y - 2u) = e(-cy)T(x, y)} 

= {F € (^^(M X T) : F(x + l,y + 2n) = e(c(y 2n))F{x, y)}. 

Let Ha : ^(T^) —. (T((]R x T)/a) and Hp : ^(T^) —. C((M x T)//3) be the 
isomorphisms given by: 


iHa(t))ix, y) = (t>i2gx, y), iHp4>){x, y) = 0 (x, 2vx - y), 
and, for {g',v') = ( 3 ^, ^), set 

{Jaf)ix, y) = f{2gx, y), iJpf){x, y) = eicx{x -t- l)v)f{x, 2ux - y). 
Notice that 

iJaf)ix “ y) = fi‘^LX - 1 , 2 /) = e(cy)(J«/)(x, y), 

and 

{Jgf)ix + l,y + 2u) = e(c(x -h l)(x 2)u)f{x + 1 , 2ux - y) 

= e(c(x -|- l)(x -|- 2 )u)e(—c( 2 ux — y))/(x, 2vx — y) 
= e(c(y + 2u)){Jpf){x,y), 

so the dehnitions make sense. 
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For i = a, f3, it is easily checked that Ji is a bijection and that, for 
</>GC(T2), 

• /) = • J^U), Mf • </>) = Mf) • Hiicj)), 


W,Ji 9 )L = Hi{{f,g)L), W,Jig)R = H,{{f,g)R). 

This shows that = C'(T^) x and = C'(T^) x , are 

isomorphic, respectively, to (^((M x T)/a) x and (^((M x T)//3) x , 
and they are, consequently, Morita equivalent to each other. □ 


Corollary 2.3. Let /U ^ Q, and let A 


aL,m. If 


2g 


2 a/i + b 
2cg + d 


and 2v' 


2u 

2cg + d ’ 


then the quantum Heisenberg manifolds Dy and are Morita equivalent. 


Proof. It suffices to check the statement for ^41 = ^ ^ j ^ and A 2 = 

^ , since Ai and A 2 generate GL 2 (Z) ( lEn Appendix B]), and 

(/U, r) I—!■ (^', v'^ defines an action of GL2(Z) on (M\Q) x M. For A = Ai we 
get isomorphic C^-algebras by Remark 12.1 L For A = A 2 , we get = 

(^, ^), and the result follows from Proposition 12.21 

□ 



Proposition 2.4. Let {!,//, i^} be linearly independent overQ, and let A = 

( a b c \ 

d e f \e GLsiZ). If 

g h i ) 

, 2afi + 2bif + c , 2dyL + 2ev + / 

2u = -;- and In =-;-, 

2gg, + 2 /iz^ + i 2gix + 2hif + i 

then the quantum Heisenberg manifolds Dy and are Morita equivalent. 
Proof. As in the proof of Theorem 1.7 in |Pa 2 ], A = A 1 A 2 A 3 , where 

( A B C \ / G 0 H \ / K L 0\ 

Ai = [ D E F \ , A2 \ ^ 10 ,A 3 = MA ^0 , 

\001/ \ I 0 J J \0 01/ 

and Ai G GL 3 (Z), for i = 1,2, 3. 

Since the map (/U,r) i—> {g,',v') defines an action of GL 3 (Z) on the set 
{{g,n) G : {l,g,v} is linearly independent over Q}, it suffices to check 
the statement for Ai, i = 1,2, 3. 

For A = Ai and A = A^ the C'*-algebras Dy and are isomorphic 

by Remark 12.1 L Thus it suffices to show the result for A = A 2 . The map 
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G H 
I J 



is a group homomorphism from GL 2 (Z) into 


GL 3 (Z), and GL 2 (Z) is generated by 


and 


that we only need to prove the statement for Ai = 



, which implies 


and Ao = 


. For Ai we get 2^' = 2^ + 1, 2u' = 2u, so D 


and 


0 0 1 
0 10 
1 0 0 

isomorphic by Eemark 12.11 Proposition 12.21 takes care of the case A = ^42, 
since then we have (/r', u') = (^, ^). □ 

Notation 2.5. We denote by the subgroup of M generated by {1, 2/x, 2u}. 

It was shown in Theorem 3.16] that the homomorphism induced on 

Ko{D^j^) by any tracial state on has range G^^- 

Remark 2.6. If rank G^i^ = 2, then there exist an irrational number v' and 
integers p,q £ Z, p ^ 0, {p, q) = 1, such that D 


C 

fll' 


, are isomorphic. 

2q " 


Proof. We proceed as in |Pall Proposition 1.5]. Let po = 2p, uq = 2v. Since 
the group generated by {l,/iO)i^o} has rank 2, either pq or uq is irrational. 
We may assume that uq is irrational, because, by Bemark l2.lL and 
are isomorphic. Besides, there exist M, N, P £ X, with N ^ 0 such that 
M + Npq + Puq = 0, so we have pQ = jUo + ^, with (/c, /) = 1. If A; = 0, then 


Rq € 
that 


Then 


and 


and we are done. Otherwise take a,b £'L such that ak + hi = 1, so 
^ £ GL 2 (Z), and set 


(/^O) ^o) — 


-I 

a 


(a^o, Vo). 


, k m —Im 

Po = H-) + kuo =- £ 

I n n 


/ / ^ 1 1 ^ ^ 

Vq = H-) + ovo = 7V0 H-0 Q, 

In In 

We now take n' = 1 ^ 0/2 and p/q = Pq, in lowest terms. By Remark 12.11 11 

and are isomorphic. 


2q 


c 

□ 


Proposition 2.7. Letp and q be non-zero integers such that {p,q) = 1, and 
let u G M. Then D%_ ^ is Morita equivalent to Dq^^. 

2q ’ 

Proof. By Remark |2.1l we may assume that p and q are positive. By applying 
Proposition 12.21 to (/i, u) = (g/2,u), we get that is Morita 
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equivalent to D‘\_ thus proving the proposition for p = 1. For p > 1, let 

2q ’ q 

ro = q, ri = p , and, if rj+i / 1, define rj +2 by r* = mj+irj+i + rj+ 2 , where 
0 < ri +2 < ri+i, and rui+i E Z. 

Actually, rj +2 > 0: otherwise divides rj, and it follows that rj+i 
divides rj for all j < i. In particular, rj+i divides both p and q, which 
contradicts the fact that rj+i ^ 1. Now, since rj+i < r^, there is an index 
zq for which rjg = 1. 

On the other hand, it follows from Proposition 12.21 that, for any real 
number k, D‘^ is Morita equivalent to D%_^ , which in turn is 

isomorphic to . 

ri 

Thus D%_ = is Morita equivalent to rj for any j < 

29’^ 2ro’'^ 

zq. In particular, for j = zq, we have that D%_ is Morita equivalent to 
D '^ 1 , which, as shown above, is Morita equivalent to iZo,i/g- ^ 

2r-io-l ’r-io-l 


Theorem 2.8. Two quantum Heisenberg manifolds Morita 

equivalent if and only if c = c' and there exists a positive real number r such 
that 


Z + 2p7. + 2zzZ = r(Z + 2^'Z + 2z/'Z). 


In particular, the rank of the free abelian group = Z + 2/zZ + 2i/Z is the 
same for Morita equivalent quantum Heisenberg manifolds, and: 

(1) If rank G^y = 1 = rank G^/y/, then is Morita equivalent to 

. In particular, D^y is Morita equivalent to the commutative 
Heisenberg manifold Dqq. 

(2) If rank Gfj_y = 2 = rank G^/y/, let {a, |} and {«', ^ 7 } be bases ofGf^y 
and G^iyi, respectively, where a and a' are irrational numbers and 
Ph'iQiQ' £ ^7 (P) z) = ip'q') = 1- Then D^^ y and T>^, are Morita 


equivalent if and only if there exists 


J E G'T2(Z) such that 


, , aqa' + b 
q a = 


cqa' + d 
rii 

(3) If rank G^y = 3 = rank G^/y/, then and are Morita equiv- 


In particular, ^ is Morita equivalent to 

2q ’ 


alent if and only if there exists 



E GL^{'L) such that 


2p 


2ap + 2hv + c 
2gp + 2hv + i 


and 2v' 


2dpi + 2ev + / 
2gp + 2 /iz/ + z 


Proof. It was shown in |Ab 1 [ 3.4] that KQ{D‘^y) = 1? which implies 

that D^^y and are not Morita equivalent for c 7 ^ d. 
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Besides (M Theorem 3.16]), all tracial states on induce the same 
homomorphism on whose range is the group = 2/rZ + 2uZ + 

Z. Since (ESI 2.2]) there is a bijection between finite traces of Morita 
equivalent unital G*-algebras we must have = rG^/^i for some positive 
real number r when and are Morita equivalent. An immediate 

consequence of this fact is that the rank of G^y is invariant under Morita 
equivalence. 

If rank G^y = 1, then, by Remark 3.5], is isomorphic to i 

for some non-zero integer p, so is isomorphic to D\ by Remark o 

2p 

Now, by Proposition 12.71 D‘\_ is Morita equivalent Dqq. 

If rank = 2 = rank G^iyi and G^y = rG^j^iyi for some positive r, 
let {a, |} and {o', be bases of Gfj_y and G^/y/, respectively, where a, a' 
are irrational numbers, and p,p'■,q-,q' are integers, with {p,q) = {p',q') = 1- 
Since Z C G^y {G^iyi) we have that p {p') = ±1 and, by Remark |2.1[ we 
may assume p = p' = \. Then we have that aZ -|- 1/gZ = r^a'Z + llq’T^), 
which implies that aqZ -|- Z = [rq/q'){a'q'Tj -|- Z). A standard argument 
shows that 

aq'a' + b ( a b \ 

qa = —— - - for some j £ GL 2 (Z). 

cq'a' + d \ c d J 

Therefore D%a ^ and ^ are Morita equivalent by Corollary 12 .3L 

On the other hand, by Remark 12.61 and are isomorphic, re¬ 
spectively, to D%^ g and for some irrational numbers f3 and j3' and 

integers m,m',n,n' such that {m,n) = = 1. Therefore {2/3, and 

(2/3', are bases of G^y and G^/y/, respectively, and it follows from the ar¬ 
gument above that q and D'^,g, q are Morita equivalent. It only remains 
to notice now that, by Proposition 12.71 and Remark 12.R q and D'^,g, q 
are Morita equivalent to and respectively. 

Finally, if rank Gg,y = 3 = rank and Gg,y = rG^^iy/ for some positive 

( a b c \ 

d e f \ £ GL 3 (Z) be the transpose of the matrix 
g h i ) 

that changes coordinates between the bases {2r|u', 2ru', r} and {2p, 2u, 1} of 
Gg,y. Then 

, 2aa + 2bu -|- c , , 2dp -|- 2ev -|- / 

2a =-;- and 2v =-;-, 

2gp -|- 2hv -|- i 2gp -|- 2hv + i 

which implies, by Proposition l2.4[ that and D^,^, are Morita equivalent. 

□ 
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